We present our predictions for the inclusive production of two heavy quark-antiquark pairs, separated by a large rapidity interval, in the collision of (quasi-)real photons at the energies of LEP2 and of some future electron-positron colliders. We include in our calculation the full resummation of leading logarithms in the center-of-mass energy and a partial resummation of the next-to-leading logarithms, within the Balitsky-FadinKuraev-Lipatov (BFKL) approach. †
Introduction
considered to be the gold-plated channel for the manifestation of the BFKL dynamics. A number of predictions for this cross section were built, with partial inclusion of NLA BFKL effects [46] [47] [48] [49] and with full NLA accuracy [50, 51] , whose comparison with the only available data from LEP2 cannot be conclusive due to the relatively small center-of-mass energy and the limiting accuracy of LEP2 experiment.
In this paper we introduce another process which could serve as a probe of BFKL dynamics: the inclusive production of two heavy quark-antiquark pairs, separated in rapidity, in the collision of two real (or quasi-real) photons,
where Q here stands for a charm/bottom quark or antiquark. In Fig. 1 we present a schematic representation of this process, in the case when the tagged objects are a heavy quark with momentum q 1 , detected in the fragmentation region of the photon with momentum p 1 , and a heavy quark with momentum q 2 , detected in the fragmentation region of the photon with momentum p 2 . This process can be studied either at electron-positron or in nucleus-nucleus colliders via collisions of two quasi-real photons. In this first exploratory study, we will focus on the case of electron-positron colliders and will adopt the equivalent photon approximation (EPA) to parametrize the photon flux emitted by the colliding electrons and positrons. The main aim is to show that sensible predictions can be built, within the BFKL approach with NLA, which can be compared with experimental results. For the sake of definiteness, we will consider the center-of-mass energies of LEP2 and of the CLIC future collider.
The totally inclusive two heavy-quark pair production process has much in common with the above discussed inclusive interaction of two virtual photons (the γ * γ * total cross section). Here the large values of masses of the produced heavy quarks play the role of hard scale, similar to the role that large photon virtualities play in γ * γ * interactions. It is interesting to note that just this observable, the total inclusive cross section for two heavy-quark pairs photoproduction, was calculated first in QCD within BFKL resummation method, see the paper by I. Balitsky and L. Lipatov in [1] . Despite the fact that the BFKL resummation gives formally a finite result for this total cross section, it does not represent an observable that can be directly confronted with the experiment. Indeed, in order to be sure that two heavy-quark pairs are produced in the event, one needs to detect at least one of the heavy quarks in each quark pair. The other reason for the tagging of two heavy quarks is that the knowledge of their momenta (their rapidities) allows one to keep control on the energy of the collision of two quasi-real photons in e + e − experiments. In our present study we restrict/fix the momenta of these two tagged quarks as if they were true final states. As a further step, one needs to include into the theoretical analysis the heavy-quark fragmentation describing the tagging procedure of heavy quarks in the particular experiment.
An attractive idea is to consider also similar experiments which assume the detection of the pair of heavy quarks, separated by a large rapidity interval, in photon-photon interactions via ultra-peripheral (UPC) nucleus-nucleus collisions at the LHC. In [52] the total cross section for the production of two heavy-quark pairs in such collisions was estimated in the LO BFKL approach at a sizeable value. However the kinematics of experiments with a tagged pair of heavy quarks separated by the rapidity interval of a few units requires rather large energies of the colliding quasi-real photons. Unfortunately at the LHC the energies of such photon-photon interactions in the UPC heavy nucleus-nucleus collisions fall in the kinematic range where the quasi-real photon fluxes from the colliding heavy nuclei are greatly suppressed due to electromagnetic nuclear form factors, and therefore such experiments look not feasible.
The paper is organized as follows: in Section 2 we explain the theoretical setup of our calculation; in Section 3 we present our results for the cross sections azimuthal angle correlations in dependence on the rapidity interval between the tagged heavy quarks; in Section 4 we discuss our results and draw conclusions. Figure 1 : Diagrammatic representation of the heavy-quark pair photoproduction in the case when a heavy quark with transverse momentum q 1 (q 2 ) from the upper (lower) vertex is tagged.
Theoretical setup
For the process under consideration, given in Eq. (1), we plan to construct the cross section, differential in some of the kinematic variables of the tagged heavy quark or antiquark, and some azimuthal correlations between the tagged fermions. In the BFKL approach the cross section takes a factorized form, schematically represented in Fig. 2 , given by the convolution of the impact factors for the transition from a (quasi-)real photon to a heavy quark-antiquark pair (the upper and lower ovals in Fig. 2 , labeled by Φ) with the BFKL Green's function G. The crosses in Fig. 2 denote the tagged quarks, whose momenta are not integrated over in getting the expression for the cross section.
In our calculation we will partially include NLA resummation effects, by taking the BFKL Green's function in the NLA, while keeping the impact factors at the leading order, since their next-to-leading order corrections are not yet known. 
The impact factor
The (differential) impact factor for the photoproduction of a heavy quark pair reads
where R and P read
Here α and α s denote the QED and QCD couplings, e Q denotes the electric charge of the heavy quark, m stands for the heavy-quark mass, z and z ≡ 1 − z are the longitudinal fractions of the quark and antiquark produced in the same vertex and k, q, k − q represent the transverse momenta with respect to the photons collision axis of the Reggeized gluon, the produced quark and antiquark, respectively. The details of the derivation of this result may be found, for instance, in [53] . Such impact factor differs only by the coupling and overall normalization from the similar QED quantity known since long and used in the calculations of the lepton-pair production.
In the following we will need the projection of the impact factors onto the eigenfunctions of the leading-order BFKL kernel, to get their so called (n, ν)-representation. We get
where ζ ≡ q 2 m 2 + q 2 ; the azimuthal angles ϑ and ϕ are defined as cos ϑ ≡ k x /| k| and cos ϕ ≡ q x /| q|.
Kinematics of the process
For the tagged quark momenta we introduce the standard Sudakov decomposition, using as light-cone basis the momenta p 1 and p 2 of the colliding photons,
with
here q = E, q, q and the rapidity can be expressed as
Therefore for the rapidities of the two tagged quarks in our process we have
and
, whence their rapidity difference is
.
For the semihard kinematic we have the requirement
therefore we will consider the kinematic when
In what follows we will need a cross section differential in the rapidities of the tagged quarks, therefore we have to make the following change of variables:
which implies
The BFKL cross section and azimuthal coefficients
Similarly to the Mueller-Navelet jet and the dihadron production processes (see Refs. [23, 40] ), the differential cross section for the inclusive production of a pair of heavy quarks separated in rapidity (a "diquark" system in what follows) can be cast in the following form:
where ϕ = ϕ 1 − ϕ 2 − π, while C 0 gives the cross section averaged over the azimuthal angles ϕ 1,2 of the produced quarks and the other coefficients C n determine the distribution of the relative azimuthal angle between the two quarks.
The expression for the C n coefficient is the following (q 1,2 ≡ | q 1,2 |):
where
are the eigenvalues of the leading-order BFKL kernel, with ψ(x) = Γ (x)/Γ(x), and
is the first coefficient of the QCD β-function, responsible for running-coupling effects. The function f (ν) is defined by
with s i , i = 1, 2 being the hard scales in our two-tagged-quark process, which we chose equal to m
, and
1 c 1 +c
The scale s 0 can be arbitrarily chosen, within NLA accuracy; in our calculation we made the choice s 0 = √ s 1 s 2 . Equation (7) is written for the general case when two heavy quarks of different flavors with masses m 1 and m 2 are detected.
The
To pass from the photon-initiated process to the one initiated by e + e − collisions, we must take into account the flux of quasi-real photons dn emitted by each of the two colliding particles, dσ e + e − = dn 1 dn 2 dσ γγ , and we will consider the antitag experiment, so that θ ≤ θ 0 whence ( q) max = E e (1 − x) θ 0 .
Integrating in
Therefore the general expression for our observables is
with y In order to give predictions to be confronted with experiment, we have to integrate our fully differential cross section over some range of the tagged quarks transverse momenta. In what follows we label such integrated coefficients with C n .
2.4
The "box"cross section As a background contribution for the case when a quark and an antiquark of the same flavor are detected, we have to consider the lowest-order QED cross section for the production of a heavy quark and antiquark in photon-photon collisions. In our notations the corresponding e + e − cross section reads
and Λ m 2 .
In the case when the heavy quarks of different flavor, two quarks or two antiquark of the same flavor, are detected, the "box" mechanism does not represent, of course, a background channel.
Numerical analysis

Results
In this Section we present our results for the dependence on the rapidity separation between the two tagged quarks, ∆Y = y 1 − y 2 , of the ϕ-averaged cross section C 0 and of the ratios R 10 ≡ C 1 /C 0 and R 20 ≡ C 2 /C 0 ratios. We consider here only the case of charm quark and fix the mass m at the value 1.2 GeV/c 2 .
Introducing some reasonable kinematic cuts, we integrate the quark transverse momenta in the symmetric range q min < q 1,2 < q max . We fix q max to 10 GeV and consider below the three cases q min = 0, 1, 3 GeV. We fix the center-of-mass energy to √ s = 200 GeV, typical of LEP2 analyses, and study the behavior of our observables in the rapidity range 1 < ∆Y < 6. For comparison, we give predictions of C 0 and R 10 also at √ s = 3 TeV, characteristic of the future e + e − CLIC linear accelerator. In the last case, we allow for a larger rapidity interval between the two quarks, i.e. 1 < ∆Y < 11. We fix the maximum for the lepton emission angle θ 0 = 0.0835, which is inside of the acceptance range of the OPAL forward detectors [54, 55] . All calculations are done in the MS scheme.
Pure LLA and NLA BFKL predictions, together with the "box"calculation of C 0 for q min = 0 GeV and √ s = 200 GeV, are shown respectively in Table 1 and 2. 
GeV. LLA and NLA predictions are compared with the "box"cross section. C stands for ∆Y Box(23) 
Numerical tools and uncertainty estimation
All numerical calculations were done in Fortran. Numerical integrations were performed using routines implemented in the Cuba library [56, 57] , making extensive use of the Monte Carlo Vegas [58] integrator. The numerical stability of our results was crosschecked by separate calculations performed using both Mathematica and the Dadmul CERNLIB routine [59] .
The most important source of uncertainty comes from the numerical six-dimensional integration over the variables | q 1 |, | q 2 |, y 1 , ν, x 1 , and x 2 and was directly estimated by the Vegas integration routine [58] . We checked that other sources of uncertainties, related with the upper cutoff in the integrations over | q 1 |, | q 2 |, and ν, are negligible with respect to the first one. Thus, the error bars of all predictions are just those given by Vegas. The other, internal source of uncertainty of our calculation is related with the scale of the running QCD coupling. Below we quantify this uncertainty studying the renormalization scale dependence. We vary µ entering Tables 1 and 2 gives the ratio µ 2 R / √ s 1 s 2 .
Discussion
The inspection of results in Table 1 suggests that the cross section C 0 is smaller than the reference "box" cross section. This is similar to what occurred in the calculations of the total γ * γ * cross section, where it was found that the "box" mechanism gives still a very important contribution at LEP2 energies. The situation changes if we pass to the larger energies and therefore larger rapidity differences that are possibly available at future e + e − colliders. Here the BFKL mechanism with the gluonic exchange in the t-channel starts to win over the "box" one with the fermionic t-channel exchange, see our results in Table 2 . We stress, however, that for our two heavy-quark (or two heavy-antiquark) tagged process, contrary to the γ * γ * case, the "box" mechanism is not a background. The cross section exhibits the expected trends: it increases when moving from the LEP2 energies to the CLIC ones and decreases when moving from the LLA to the NLA, a typical feature in the BFKL approach. We note also that our partial inclusion of NLA effects leads to results that are less sensitive to the variation of the renormalization scale than the results of LLA BFKL resummation.
Azimuthal correlations are in all cases much smaller than one and decrease when ∆Y increases, as it must be due to the larger emission of undetected partons. The reason for this smallness, with respect to the case of Mueller-Navelet jets or di-hadron systems (see, e.g., Refs. [23, 40] ) is that in this case there is not any kinematic constraint, even at the lowest order in perturbation theory, between the transverse momenta of the two tagged quarks, since they are produced in two different vertices (each of them together with an antiquark). When the minimum value of the tagged quark transverse momentum q min is increased, azimuthal correlations increase due to the more limited available phase space in the transverse space and the consequently more constrained transverse kinematics. We can see that the inclusion of NLA effects increases the correlations, which can only be explained with the larger suppression of C 0 with respect to C 1,2 when these effects are included.
Summary and outlook
We have considered the inclusive photoproduction of two heavy quarks separated in rapidity, taking into account the resummation to all orders of the leading energy logarithms and the resummation of the next-to-leading ones entering the BFKL Green's function. We have calculated the cross section for this process averaged over the relative azimuthal angle of the two tagged quarks and presented results for the azimuthal angle correlations, considering for definiteness the case in which photons are emitted by electron and positrons colliding at the energies of the LEP2 and the CLIC colliders.
The trends of our results with the energy of the collision beam and the behavior of the considered observables with the rapidity interval ∆Y between the tagged quarks is just as expected: azimuthal correlations decrease with increasing ∆Y . Moreover, just as in the case of Mueller-Navelet jets and dihadron production, the inclusion of next-to-leading order correction reduces the decorrelation. In absolute value, azimuthal correlations are much smaller with respect to Mueller-Navelet jets and dihadrons, a result which is not surprising since here we have a two heavy-quark pair production mechanism and the two tagged quarks are produced in the leading order in different interaction vertices, having independent transverse momenta.
This process extends the list of semihard processes by which strong interactions in the high-energy limit, and in particular the BFKL resummation procedure, can be probed in the future e + e − linear colliders.
There are several obvious developments of this work. One is the calculation of the next-toleading order impact factor for the photoproduction of a heavy quark-antiquark pair, which would allow for the full NLA treatment of the process under consideration. The other is to include into the theoretical analysis heavy-quark fragmentation describing the experimental tagging procedure of heavy quarks.
As we already noted, the possibility for the experimental study of our process in UPC collisions of heavy ions at the LHC kinematics is not feasible, unfortunately. Nevertheless, the study of heavy-quark observables that reveal BFKL resummation effects looks promising in the LHC proton-proton collisions. Recently, in [60] the process of inclusive forward J/Ψ-meson and very backward jet production was suggested. The other interesting possibility is to extend the methods used in our work to the case of two detected heavy-quark inclusive hadroproduction, i.e. a process similar to the one considered here, but initiated by quarks and gluons emitted by protons (in collinear factorization) rather than by photons.
